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Water injection into hydrocarbon reservoirs is routinely accompanied by the entrainment of suspended solids, and the most 
problematic fraction is sub-micron (<1 μm) particulate matter that is difficult to remove by conventional gravity treatment and 
can progressively impair injectivity by clogging pore constrictions. We investigated nanoparticle-driven permeability degradation 
using vertical quartz sand packs (column diameter 24 mm, height 0.20 m) with two sand fractions (0.316–0.20 and 0.20–0.10 
mm) and two particle types: TiO₂ (≈200 nm) and WO₃ (≈80–100 nm). Permeability was evaluated from Darcy’s law and analyzed 
as a function of cumulative injected mass, including the specific injected mass (mass per cross-sectional area). Across all runs, 
k(m) exhibits a rapid, quasi-linear decline at low mass followed by a weak-sensitivity plateau at late stages, indicating progressive 
redistribution of flow pathways and approach to a dynamic deposition–release regime. Finer sands clogged at substantially 
lower cumulative mass than coarser sands, consistent with smaller characteristic throat radii, whereas the smaller WO₃ particles 
required a larger specific mass to reach comparable permeability loss, reflecting deeper penetration. Post-experiment sectioning 
revealed strongly inlet-biased retention profiles with maximum deposit load in the upper centimeters. A discrete 5-mm layered 
model was developed, coupling layer-wise retention, porosity loss, and a Kozeny–Carman closure with hydraulic resistances in 
series; parameters were identified by simultaneously matching permeability–mass curves and retained-mass profiles. The resulting 
framework provides a mass-based scaling variable for transferring laboratory clogging trends to near-wellbore impairment in 
injection and recharge wells.
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Закачка загрязненных вод в нефтегазовые пласты воды с целью поддержания пластового давления может сопровождаться 
поступлением в пласт взвешенных механических примесей. Наиболее проблемной является субмикронная фракция (ме-
нее 1 мкм), которая трудно удаляется стандартными методами подготовки и способна вызывать прогрессирующее сниже-
ние приемистости нагнетательных скважин за счет закупоривания пор. В работе исследовано снижение проницаемости, 
обусловленное задержанием субмикронных частиц, на вертикальных кварцевых песчаных моделях пористой среды (диа-
метр 24 мм, высота 0,20 м) при использовании двух фракций песка (0,316–0,20 и 0,20–0,10 мм) и двух типов частиц с ха-
рактерным размером около 100 и 200 нм. Проницаемость определяли по закону Дарси и анализировали в зависимости от 
накопленной массы закачанных частиц. Установлено, что на начальном этапе закачки проницаемость снижается быстро, 
после чего процесс переходит в стадию слабой изменчивости, что соответствует формированию устойчивых путей филь-
трации и приближению системы к динамическому равновесию между задержанием и выносом частиц. Для более мелкой 
фракции песка снижение проницаемости наступает при меньшей накопленной массе, что согласуется с меньшими ха-
рактерными размерами пор. Для более мелких частиц сопоставимое снижение проницаемости достигается при большей 
накопленной массе, что указывает на более глубокое проникновение и распределение частиц в объеме модели. Профили 
распределения удержанной массы по длине характеризуются максимальной концентрацией частиц в начале модели. Для 
интерпретации результатов разработана дискретная послойная модель с шагом 5 мм, учитывающая задержание частиц 
по слоям, уменьшение пористости и связь между пористостью и проницаемостью по уравнению Козени — Кармана при 
последовательном суммировании гидравлических сопротивлений слоев; параметры модели определяли по согласованию 
экспериментальных зависимостей проницаемости от накопленной массы и профилей удержанной массы. Полученные 
результаты могут быть использованы для оценки снижения приемистости при закачке загрязненных вод.
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Introduction

Water injection is a core element of pressure-
maintenance waterflooding in hydrocarbon reservoirs [1]. 
In field operations, it is frequently managed as a support 
activity with limited direct revenue attribution; therefore, 
operational control tends to prioritise meeting target 
injection rates and volumes, while injection-water quality 
is often treated as secondary [2].

The quality of produced water re-injected into the 
reservoir is determined primarily by residual hydrocarbons 
and suspended solids. Suspended solids are typically the 
dominant constraint for water treatment and injectivity 
management. Particles can accumulate within surface 
facilities and downhole components (flowlines, wellbore, 
and perforations) and can induce near-wellbore formation 
damage through pore-throat plugging and permeability 
impairment. This increases operational complexity and 
reduces the effective flow capacity of the near-wellbore 
zone [3–5].

The most challenging fraction comprises submicron sol-
ids (<1 μm), commonly including fine mineral particles 
(clays), inorganic salts, and corrosion products generated 
within the production and injection system [6, 7]. Conven-
tional gravity separation used in many fields removes this 
fraction only with substantially increased residence time 
and, consequently, larger equipment footprints [8]. Under 
practical constraints, a significant proportion of submicron 
solids remains in the injected water and is transported into 
the formation [9,10].

Due to their small size, submicron particles may 
penetrate beyond the immediate near-wellbore region and 
promote distributed plugging, rather than purely localised 
impairment. This mechanism is consistent with the gradual 
decline in injectivity observed during long-term injection 
operations [11, 12]. Field evidence also supports the role 
of solids: in some cases, siltation within injection intervals 
is indicated by the inability to run logging tools below the 
lowest perforations, which implies mechanical blockage in 
the near-wellbore region.

In engineering practice, water-treatment specifications 
are commonly defined by allowable suspended-solids 
concentrations. However, even when injected water meets 
nominal standards, prolonged injection can still result 
in progressive solids accumulation in the near-wellbore 
zone and associated formation damage [13, 14]. The 
outcome is reduced injectivity and the requirement for 
remedial treatments. In addition, near-wellbore plugging 
can promote preferential flow pathways and channelling, 
reducing waterflood effectiveness by degrading sweep.

Revision of produced-water treatment requirements 
therefore requires a quantitative assessment of the impact 
of suspended solids on near-wellbore flow properties and on 
injection-well operating performance. This motivates models 
that relate solids concentration, particle-size distribution, 
and physicochemical properties of injected particulates 
to pore-space contamination and permeability reduction. 
Published approaches include empirical correlations, deep-
bed filtration models incorporating attachment/detachment 
kinetics, and formulations that account for filter-cake 
development. The following discussion summarises these 
model classes and evaluates their applicability to produced-
water injection containing submicron solids.

Empirical engineering approaches typically correlate 
permeability decline with time/throughput volume or 

solids concentration, using effective plugging coefficients 
calibrated to laboratory or field data. These correlations 
are useful for screening, but they are often not transferable 
between assets because they do not isolate the governing 
capture mechanisms (adhesion, straining, bridging) 
and do not represent deposit evolution under changing 
hydrodynamic conditions [15]. Deep-bed filtration models 
provide a more mechanistic framework by prescribing 
attachment/detachment kinetics and linking retained mass 
to permeability loss. For several formulations, analytical 
solutions and regime criteria have been developed for 
high-retention conditions, supporting model verification 
and parameter identification [16]. Probabilistic and pore-
network approaches treat particle jamming in pore throats as 
a stochastic process controlled by local geometry and flow, 
enabling a structured pathway from pore-scale processes to 
effective properties at continuum scale [17–19].

For practical water injection, the dominant impairment 
mechanism may shift between deep retention within the 
pore volume, straining in constrictions, bridging, and near-
surface cake growth. Pore-scale and microfluidic studies 
demonstrate how individual particles and aggregates 
initiate blockage growth and redistribute flow, and they 
report nonlinear dependence of plugging rate on filtration 
velocity and solids supply conditions [20–23]. These 
insights are valuable, but direct parameter transfer to 
reservoir rocks is limited by differences between idealised 
microchannel geometries and natural pore structures, 
and by scale effects including pore-size distributions, 
heterogeneity, cementation, and clay content [24, 25]. 
Tomography-supported pore-scale modelling has been used 
to reconstruct particle pathways and identify blockage 
locations, improving mechanistic interpretation; however, 
these methods remain computationally intensive and require 
upscaling assumptions for near-wellbore applications [26, 
27]. In waterflooding for pressure maintenance, additional 
coupled processes may be material, including poroelastic 
stress redistribution affecting permeability independently 
of solids [17], as well as thermo-hydrodynamic and rock-
specific effects (e.g., geothermal settings) that alter particle 
stability and particle–rock interactions [28–30].

Physicochemical conditions (ionic strength, pH, and 
water composition) influence electrostatic interactions 
and thereby control colloid retention and remobilisation; 
changes in pH can shift the system from stable deposition to 
particle release and partial permeability recovery [31]. For 
fresh-water injection scenarios, these effects may be treated 
as fixed boundary conditions, but the assumption should 
be stated explicitly because many studies address brackish/
reactive waters and/or biological plugging, where biofilm 
growth and biogeochemistry (including iron cycling) can 
dominate [26, 32].

Most published models and experiments focus on 
migration of native colloids initially present in the rock at 
a prescribed concentration [15, 33]. In contrast, produced-
water injection for pressure maintenance is characterised 
by a long-term, sustained influx of external submicron 
particles delivered with injected water. For this regime, it 
is essential to track the cumulative injected solids mass and 
its spatial distribution within the pore space (from the near-
wellbore region into the formation), including potential 
transitions from deep-bed filtration to cake-dominated 
behaviour as flow rate and particle-size distribution vary 
[20–22]. The novelty of the present work is the use of a 
mass-balance framework as the primary descriptor of solids 
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loading and the establishment, based on experimental data, 
of a quantitative relationship between accumulated particle 
mass and degradation of near-wellbore flow properties, 
providing a basis for calculation-driven justification of 
produced-water treatment requirements.

Theoretical framework for modelling pore-space 
clogging during injection of contaminated water

In studies of pore-space clogging associated with the 
transport of fine suspended matter, most models are for-
mulated by coupling particle transport in the flowing phase 
with retention within the porous matrix, followed by an 
update of the resulting flow properties. The prevailing base-
line framework is the continuum deep-bed filtration formu-
lation, in which the mass concentration of particles in the 
aqueous phase, C(x,t) (kg/m³), defined along the spatial 
coordinate x(m) and time t(s), is governed by a convec-
tion–dispersion balance with an additional retention term 
R(C,S). Similar formulations are widely used in studies of 
clogging development during suspension filtration and in 
investigations of fines/colloid migration in porous media 
[16, 22, 23, 28]. In one-dimensional form, the governing 
equation is written as:

	 � � �
�

�
� � �
�

�
�
�

�
�

�

�
�

�

�
� � � �

�
�

C

t

uC

x x
D

C

x
R C S;� ,, 	 (1)

where ϕ is porosity, u is the Darcy (superficial) velocity, and 
D is the dispersion coefficient. The accumulation of retained 
particles is represented by the variable S(x,t) (mass of de-
posited solids per unit bulk volume of porous medium) and 
described by the following balance equation:

	
�
�

� � �S

t
R C S, . 	 (2)

Within this general framework, the differences between 
individual models are primarily determined by the specific 
functional form of R(C,S). The most widely used option is 
first-order attachment kinetics with respect to concentration:
	 R=kaC,	 (3)

where ka is the attachment (capture) coefficient. This expres-
sion is commonly used as a baseline approximation in deep-
bed filtration models and can be refined as required [16,28]. 
To account for remobilisation, a detachment term is intro-
duced, yielding an attachment–detachment formulation:
	 R=kaC – kd S,	 (4)

where kd is the detachment coefficient. The dependence of 
these parameters on flow regime and injection history is dis-
cussed in studies addressing the effects of filtration velocity 
and initial conditions on clogging evolution [22, 23]. To 
represent a finite retention capacity, a maximum retained 
mass Smax is introduced and a saturating kinetic law is used:

	 R k C
S

S
k S

a d
� �

�

�
��

�

�
�� �1

max

, 	 (5)

which allows the model to reproduce the progressive reduc-
tion in capture as available retention sites become occupied 
and to represent transitions between process stages. Formu-
lations in the high-retention limit and their analytical solu-
tions are discussed in the literature on nonlinear retention 
models [16]. Where capture exhibits pronounced nonlinear-
ity (for example, due to aggregation or cooperative growth), 
a power-law dependence on concentration is employed:

	 R kC
S

S

n� �
�

�
��

�

�
��1

max

, 	 (6)

where k is a coefficient and n is the power-law exponent [16]. 
Mechanical retention in pore throats (straining/bridg-

ing) is commonly incorporated within the continuum 
framework as an additional retention contribution:
	 R=Ratt+ Rstr,	 (7)

where Ratt denotes the contribution from adhesive attach-
ment and Rstr represents the contribution from mechanical 
retention. To include straining, a size-ratio threshold is typi-
cally applied: for a characteristic particle (or aggregate) size 
dp(m) and a characteristic pore-throat size dt(m), straining 
is activated when (dp/dt)≥λ, where λ is a dimensionless 
threshold. One widely used formulation is written as:

	 R k H
d

d
C

S

p

t

str
�

�

�
�
�

�

�
�
�

; , 	 (8)

where kS is the mechanical retention coefficient (1/s) and H 
is the Heaviside step function. Bridging mechanisms and the 
role of constriction geometry have been examined in detail 
using micromodel and microfluidic experiments; however, 
transferring the corresponding parameters to natural pore net-
works generally requires dedicated calibration [21, 24, 27].

To translate retained mass into changes in flow prop-
erties, models introduce a deposit–porosity/permeability 
relationship. If S is defined as deposited mass per unit bulk 
volume of porous medium, porosity can be expressed as:

	 � �
�

� �
0

S

S

, 	 (9)

where ϕ0 is the initial porosity and ρS is the density of the 
solid phase. A Kozeny–Carman-type relationship is then ap-
plied for permeability (k²):

	 k k�
�

�
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�
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�
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�
��
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�
��0

0
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0

2

1

1

�
�

�
�

, 	 (10)

where k0 is the initial permeability. Alternatively, a simpler 
exponential relationship can be used to relate permeability 
directly to retained mass:
	 k=k0exp(–βS),	 (11)

where β is a parameter identified from data. Closure re-
lations of this type are widely used in practical descrip-
tions of permeability degradation in particle retention/
migration models [16, 28]. Structural factors controlling 
the form of k(S) are also discussed, including the effects of 
polydispersity and the deformability of the packed deposit 
layer [19], as well as coupling with poroelastic response 
during injection [17].

Where near-surface accumulation dominates, a cake 
filtration concept is applied by introducing an additional 
hydraulic resistance Rc (1/m) into the pressure-drop rela-
tionship ΔP (Pa). For viscosity µ (Pa · s), Darcy velocity u 
(m/s), and a characteristic zone length L:

	 �P u
L

k
R
c

� �
�

�
�

�

�
�� , 	 (12)

and the growth of cake mass Mc(t) (kg), for a flow rate Q(t)
(m³/s) and an inlet particle concentration Cin(t) (kg/m³), is 
described as:

	
dM

dt
QCc

c
� �

in
, 	 (13)
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where ηc is the fraction of particles contributing to cake for-
mation. The cake resistance is related to cake mass via the 
specific cake resistance αc and the filtration area A:

	 R
M

A
c c

c� � , 	 (14)

At the microscale, the mechanisms governing cake 
growth and deposit structure have been investigated both 
for suspension filtration and for progressive plugging (in-
cluding dendritic growth). These studies are used to justify 
the choice of αc and to define criteria for the transition to a 
cake-dominated regime [20, 21].

For water injection, the key condition is a sustained 
flow of water carrying submicron particles, typically at a 
quasi-constant low concentration. Accordingly, a mass-
based descriptor is introduced to represent the pore-block-
ing mechanism. The inlet particle mass flow rate M t

in
( )  is 

defined as M t Q t C t
in
( ) ( ) ( ),=

in
 and the cumulative injected 

mass Min(t) is obtained by integration:
	 M t Q t C t dt

t

in in
( ) ( ) ( ) .� �0 	 (15)

Similarly, the cumulative produced (exported) mass 
Mout(t) is defined using the outlet concentration Cout(t):

	 M t Q t C t dt
t

out out
( ) ( ) ( )� �0 	 (16)

and the retained (accumulated) mass is defined as:
	 Mret(t)=Min(t) – Mout(t)	 (17)

For a porous-medium control volume V, the specific re-
tention is expressed as:
	 S t

M t

V
( )

( )
= ret 	 (18)

after which the permeability k(t) is evaluated using the se-
lected k(S) closure via (10) or (11). This shift to a mass-
based formulation is consistent with the fact that many 
studies focus on the evolution of C/C0 and k/k0 under a 
prescribed inlet concentration, whereas long-term injection 
requires relationships referenced to the cumulative inflow 
of solids. In this context, the effects of filtration velocity 
and injection start-up conditions on plugging development 
can be represented through the dependence of ka, kd, Smax, 
kS, and ηc on operating regime variables u and Q [22, 23]. 
It should also be noted that physicochemical factors (sa-
linity, pH) are often incorporated through their influence 
on attachment/detachment coefficients; for fresh-water in-
jection, these parameters may be treated as constant and 
represented by fixed values [28, 34].

Methodology

In the experiments, the model porous medium was 
a washed quartz sand that was dried and sieved using a 
0.316×0.316 mm mesh (Fig.  1). The fraction finer than 
0.1 mm accounts for less than 0.2  %, which minimises 
the likelihood of intergranular voids being filled by a fine 
fraction. The characteristic grain sizes are D10≈0.16 mm, 
D50≈0.29  mm, and D90≈0.40  mm. The Sauter mean di-
ameter calculated from the particle-size distribution is 
d32≈0.26 mm.

The sand pack was treated as a randomly packed, uncon-
solidated granular medium with a characteristic porosity of 
ϕ≈0.35–0.40, typical of medium- to coarse-grained sands. 
The pore space is represented by an interconnected system 
of pore bodies and constrictions (pore throats) formed at 
contacts between grains of varying size and shape.

For a quantitative description of flow properties, the 
classical Kozeny–Carman-type relationship was used, link-
ing permeability to porosity and the specific surface area of 
the solid phase:

	 k
C S
K

�
�

�
�

3

2 21( )
, 	 (19)

where k is the absolute permeability, S is the specific sur-
face area of the grains, and CK is the empirical Kozeny–Car-
man constant. The modern form of the equation and its ap-
plicability to granular media are discussed in detail in [35] 
and [36].

The specific surface area of the sand was estimated us-
ing the Sauter mean diameter:

	 S
d

=
6

32

, 	 (20)

which is a standard approximation for granular media with-
in the Kozeny–Carman framework and is adopted in mod-
ern reviews and filtration models [35].

The mean hydraulic radius of the pore space, defined 
as the ratio of pore volume to wetted surface area, was es-
timated using:

	 r
d

h
�

�
�

�
32

6 1( )
, 	 (21)

thereby linking pore-space geometry to the flow character-
istics of the medium. For the sand investigated, typical val-
ues of rh are on the order of 20–30 μm.

The minimum pore-space cross-sections (pore throats), 
which control most of the hydraulic resistance, have a char-
acteristic radius rt≈15–25 μm, corresponding to an equiv-
alent diameter of 30–50 μm. The pore bodies connected by 
the throat network have an equivalent size of approximately 
60–150 μm. The characteristic length of a pore channel be-
tween adjacent throats is comparable to the median grain 
size and is approximately 0.15–0.30 mm. The actual flow-
path length exceeds the geometric distance due to the tor-
tuosity of the pore network, consistent with numerical and 
experimental estimates for random grain packings [37].

Flow channels are characterised by a variable cross-sec-
tion. Pore throats are predominantly wedge-shaped or slit-
like triangular constrictions, whereas pore bodies are ir-
regular polygonal expansions. This geometry is typical of 
randomly packed, unconsolidated sands and results in high 
sensitivity of permeability to changes in porosity and to the 
structure of intergranular contacts.

Fig. 1. Micrographs of the washed sand used in this study; 
magnification: 400× (a), 800× (b)

a б
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The experiments were conducted using a vertical sand pack 
in a cylindrical column (D=24 mm, bed height 20 cm, mass of 
the main sand fraction 150 g). The characteristic sizes of the 
sand packs and injected particles are summarised in Table 1. 
Permeability k was calculated from Darcy’s law using the in-
stantaneous flow rate under a constant imposed head.

Table 1
Characteristic sizes of sand packs 

and injected particles

№ Sand, mm d50 (estimate), 
μm

Pore-throat 
radius rt, μm

Nano
particles 

Particle 
size, nm 

1 0.2–0.1 ~150 ~8–18 TiO₂ ~200

2 0.316–0.2 ~250 ~15–30 TiO₂ ~200

3 0.2–0.1 ~150 ~8–18 WO3 ~80–100

4 0.316–0.2 ~250 ~15–30 WO3 ~80–100

Experimental Results

Experimental data yield permeability trends as a func-
tion of the cumulative injected particle mass (Fig. 2). Across 
all test series, k(m) exhibits a consistent pattern: permeabil-
ity decreases as m increases until low values are reached, 
followed by a region of weak sensitivity (an approximate 
plateau) in which further increases in injected mass have 
little effect on the overall transmissibility of the sand pack.

The shape of the curves reflects a progressive reorgani-
sation of the conducting pathways. At low m, the most pro-

nounced—often near-linear—decline in k is associated with 
the blockage of the most conductive pore throats; subsequent-
ly, the decline becomes more gradual as flow redistributes 
through the remaining pathways. Ultimately, as m accumu-
lates, the medium transitions to a low-permeability state. For 
the finer sand fraction (0.2–0.1 mm), the reduction in k occurs 
at lower values of m than for the coarser sand (0.316–0.2 mm), 
i.e. the finer pack clogs more rapidly on a cumulative-mass 
basis. This is consistent with smaller characteristic pore-throat 
dimensions. For a given sand grade, a larger nanoparticle 
mass m is required to reach the low-permeability regime.

Profiles of retained-particle distribution along the height 
of the sand packs were constructed (Fig. 3). The vertical 
profile of retained solids exhibits a clear maximum in the 
upper part of the bed and decreases with depth. This indi-
cates preferential development of a near-inlet zone with ele-
vated hydraulic resistance. It was also observed that smaller 
particles are retained closer to the inlet and penetrate less 
deeply into the porous medium. An example of internal fil-
ter-cake formation at the inlet of the sand pack is shown in 
the photographs (Fig. 3). The plots also mark, with vertical 
lines, the periodic stepwise changes in permeability associ-
ated with filtration pauses at the end of the working day. 
During shutdown, pressure within the sand pack equalised 
and the absence of a pressure gradient promoted partial 
elastic relaxation/loosening of the deposit layer. As a result, 
a small permeability increase is observed when filtration is 
resumed. This effect is most pronounced for TiO₂ suspen-
sion filtration in the coarser sand pack (0.316–0.2 mm).

a b

c d

Fig. 2. Effect of cumulative injected particle mass on model permeability for sand grain-size fractions: a – 0.2–0.1 mm; b – 0.316–0.2 mm; 
c – 0.2–0.1 mm; and d – 0.316–0.2 mm. Vertical dashed lines indicate filtration pauses at the end of the work shift
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The following characteristic sizes were considered: TiO₂ 
~200 nm and WO3 ~80–100 nm. For the 0.316–0.20 mm 
sand pack, the equivalent pore-throat radius is approxi-
mately 15–30 μm, whereas for the 0.20–0.10 mm fraction 
it is approximately 7–15 μm. Since particle sizes are two to 
three orders of magnitude smaller than the characteristic 
throat dimensions, permeability alteration is governed pri-
marily by cumulative mass loading and the effective con-
striction of hydraulically controlling pore throats.

For the 0.316–0.20 mm sand during TiO₂ filtration, per-
meability decreases with increasing σm towards a terminal 
value corresponding to m=0.284 g, i.e. σm=0.0628 g/cm² 
(≈0.628 kg/m²), with a tendency to stabilise at low values 
at higher σm. The retention profile (Fig.  3) indicates that 
deposition is concentrated in the upper part of the bed (the 
first few centimetres), consistent with the development of a 
near-inlet zone of elevated resistance for pore throats on the 
order of 15–30 μm.

For the same sand grade (pore throats ~15–30 μm) but 
with WO3 (80–100 nm), permeability degradation is distrib-
uted over a substantially larger specific mass loading and 
reaches a terminal state at m≈0.599 g, i.e. σm=0.132 g/
cm² (≈1.324 kg/m²). Relative to TiO₂, the k(σm) trend is 
shifted towards higher σm: achieving a comparable permea-
bility reduction requires a higher cumulative solids loading, 
consistent with deeper migration of the finer particles at an 
unchanged throat scale.

For the finer 0.20–0.10 mm sand fraction, where charac-
teristic throat radii decrease to 7–15 μm, permeability deg-

radation develops markedly faster with respect to cumula-
tive mass. In the TiO₂ series, the terminal cumulative mass 
is m≈0.053 g, i.e. σm=0.0117 g/cm² (≈0.117 kg/m²), at 
which a pronounced reduction in k is already observed. 
For WO3 in the same sand fraction, the terminal mass 
m≈0.110 g corresponds to σm=0.0243 g/cm² (≈0.243 kg/
m²): the k(σm) curve lies to the right of the TiO₂ case, mean-
ing that a comparable permeability loss requires a higher 
specific cumulative mass. Nevertheless, the process remains 
“faster” in terms of σm than in the coarser fraction due to the 
smaller pore-throat size.

Overall, comparison of all series in k(σm) coordinates 
shows that reducing the characteristic throat radius when 
moving from 0.316–0.20 mm to 0.20–0.10 mm sand de-
creases the σm required for a substantial permeability de-
cline. Conversely, reducing particle size when moving from 
TiO₂ to WO3 shifts the permeability-degradation trend to-
wards higher σm for the same porous medium, consistent 
with deeper migration of the dispersed phase.

Numerical Solution of the Permeability- 
Degradation Problem During Particle Filtration

This chapter presents a discrete, layer-resolved model 
that links retention and remobilization of injected nanopar-
ticles inside pore throats to the progressive growth of a 
near-inlet clogged zone and the resulting evolution of the 
bulk permeability computed from Darcy’s law. The model 
is designed to reproduce the key experimental observation 

Fig. 3. Appearance of the contaminated section of the sand packs and retained-mass distributions along model height (retention profiles) 
for sand grain-size fractions: a – 0.2–0.1 mm; b – 0.316–0.2 mm; c – 0.2–0.1 mm, and d – 0.316–0.2 mm

a

c

b

d
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from this study: for the tested conditions, permeability is 
primarily governed by the cumulative injected mass (rather 
than the instantaneous concentration), and retained parti-
cles are concentrated in the upper part of the sand pack, 
while a quasi-steady (dynamic) regime of deposition–re-
lease is reached at late stages.

The porous medium is a vertical cylindrical sand pack 
of height H=0.20, internal diameter D=24 mm. The sand 
mass is 150 g. Three granulometric ranges were tested in the 
experiments described in this work: 0.316–0.20 mm, 0.20–
0.10 mm, and an intermediate range depending on the spe-
cific run. Two nanoparticle types were injected: TiO2 (typ-
ical primary size ~0.2 µm) and WO3 (typical size 0.1 µm). 
For packed sands with these grain sizes, characteristic pore-
throat dimensions are on the order of tens of micrometers; 
a convenient scale estimate follows from Kozeny-type rela-
tions between permeability and hydraulic radius (via poros-
ity and specific surface), which are widely used for granular 
media and provide the geometric bridge needed here [35].

To capture the experimentally observed localization of 
retained mass near the inlet and the advance of a stable 
contamination front, the pack is discretized into N horizon-
tal layers of thickness Δz = 5 mm, so N = H/Δz = 40. Each 
layer i (centered at depth zi) is treated as a locally homoge-
neous porous slab with its own permeability ki, porosity ϕi, 
and an effective pore-throat length scale (expressed through 
hydraulic radius rh,i or an equivalent throat radius rt,i). Layers 
are hydraulically connected in series, so the total pressure 
drop is the sum of layer pressure drops, and the effective 
permeability keff is the harmonic average weighted by Δz.

The model is advanced by the cumulative injected mass, 
which matches the way the experimental trends collapse: 
the independent variable is the specific injected mass (mass 
per cross-sectional area):

	 �
inj

inj�
M

A
	 (22)

and all permeability curves are analyzed as k(σinj). This is 
the same variable used to compare different runs and differ-
ent sands at identical column geometry. In the spreadsheet, 
σinj is incremented stepwise (Δσinj), and each step is distrib-
uted over the layers as deposited or transported mass.

For a given step, the volumetric flow rate Q is measured 
experimentally; the superficial Darcy velocity is uD=Q/A. The 
permeability of the entire pack is computed from Darcy’s law:

	 k
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P

D
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�
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, 	 (23)

where µ is dynamic viscosity and ΔP is the pressure drop 
across the pack. Within the model, the same Darcy frame-
work is applied layerwise:
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so that:
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This resistances-in-series structure is essential: it allows 
strong permeability reduction to be generated by clogging of 
only the upper layers, consistent with the post-experiment 
concentration profiles measured along the column height.

A constitutive relation is required to update ki when par-
ticles are retained in layer i. The model uses a Kozeny–Car-
man-type closure in the form:

	 k
c a

i

i

K s i

�
�3

2

,

, 	 (26)

where as,i is the specific surface area of the solid matrix 
(surface per bulk volume), and cK is the Kozeny constant 
(or a generalized coefficient). This formulation makes ex-
plicit that permeability is controlled by both porosity and 
surface area and is therefore sensitive to throat narrowing 
and internal surface growth during deposition. For packed 
sands, as,i can be initialized from the grain size scale (e.g., 
as~6(1–ϕ)/dg for spherical grains of characteristic diameter 
dg); in real sands, dg is taken as d50 (or another represen-
tative diameter from the measured granulometry), and cK 
absorbs non-sphericity and packing effects.

Because nanoparticle retention modifies the void space, 
the model updates porosity through a deposited-volume 
balance. Let σi be the cumulative deposited mass per unit 
cross-section stored in layer i. The corresponding deposited 
bulk volume in that layer is σi /ρdep, where ρdep is an effective 
bulk density of the deposit (typically lower than the crystal 
density because deposits are porous/aggregated). The po-
rosity update is:

	 � �
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�i

i

z
� �

0

dep
�

	 (27)

with ϕ0 the initial porosity of the clean pack. This is the min-
imum model needed to translate accumulated mass into an 
evolving flow cross-section. In practice, ρdep is a calibration 
parameter that implicitly accounts for aggregation state and 
deposit packing, and it strongly controls how quickly per-
meability declines for a given σinj.

To connect deposition to a throat length scale used in 
detachment physics, the model uses the hydraulic radius 
definition rh,i=ϕi/as,i. This choice is convenient because it 
remains meaningful for non-cylindrical pore shapes and 
automatically couples to the Kozeny relation. The throat 
radius rt,i used as a “hydraulic equivalent” scale is then 
taken proportional to rh,i (e.g., rt,i~O(rh,i); for sands in the 
0.316–0.20  mm range this scale is typically tens of mi-
crometers, and for 0.20–0.10  mm sands it is smaller but 
still much larger than the primary nanoparticle size, imply-
ing that retention is dominated by attachment/aggregation 
and flow-driven restructuring rather than simple geometric 
sieving. This is consistent with pore-scale and pore-network 
analyses showing that clogging is often governed by collec-
tive deposition/bridging and flow redistribution rather than 
only particle size cut-off [38].

Each increment Δσinj enters the top layer as mobile mass 
��

in

( )1 . In each layer, a fraction is retained and the remain-
der is transmitted to the next layer:

	 � � � � � �� � � � � � �
dep in in in dep rel

( ) ( ) ( ) ( ) ( ) ( ),i
i

i i i i i� � � ��1 ,	 (28)

here ηi is an effective capture efficiency for layer i, and Δσrel 
is the mass released from previously deposited material in 
that layer during the same step (remobilization). This re-
tention–release structure is standard in colloid transport 
modeling and is required to represent both clogging and 
subsequent stabilization regimes [39].

The choice of ηi is what makes the model reproduce the 
experimentally observed top-loaded retention. In a strictly 
homogeneous medium with constant η, retention would 
distribute exponentially with depth, which is not sufficient 
when deposition is confined to the upper centimeters. To en-
force a finite clogging zone that grows downward only after 
an upstream layer reaches a local equilibrium, ηi is modeled 
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as a product of an inlet-biased attachment term and a hydro-
dynamic self-limiting term:

	 � � �
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The parameter η0 sets the baseline propensity for reten-
tion at the inlet; α controls how rapidly this propensity de-
cays with depth (capturing, in an effective way, the combined 
effects of particle depletion, aggregation and early capture). 
The function Ω(σi /σeq,i) decreases from ≈1 at low deposit 
load to ≈0 when the layer reaches its equilibrium deposit 
capacity σeq,i, at which point additional injected mass is large-
ly transmitted to deeper layers; this is the mechanism that 
produces a sharp advancing front. The hydrodynamic factor 
Ψ(τw,i /τc) accounts for release: as wall shear approaches a crit-
ical value, net retention is reduced and can become negative 
(net erosion). The need for such a balance is well documented 
in experiments and models where colloid retention and re-
lease depend on flow velocity and surface roughness [40–42].

To compute Ψ, the model must estimate the characteris-
tic wall shear stress in each layer. Using the capillary-bun-
dle analogy for a porous medium, the shear at the pore wall 
scales with the pressure gradient times a hydraulic length. 
A convenient expression is:
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This formula is consistent with laminar tube flow where 
τw=(R/2)∂p/∂x, while rh,i plays the role of an effective radi-
us. It directly embeds the key feedback: as deposition reduc-
es ki, the local pressure gradient increases, which increases 
τw,i, which in turn enhances release and limits further build-
up. The critical shear stress τc is treated as an effective pa-
rameter reflecting adhesive forces between deposits and the 
grain surface (including roughness, chemical interactions, 
and deposit structure). In neutral pH tap water without 
surfactants, τc is expected to depend strongly on surface 
roughness and on whether particles are retained in prima-
ry/secondary minima and by mechanical interlocking; this 
dependence motivates treating τc as a calibration parameter 
rather than a purely DLVO-derived value [41, 42].

A simple and numerically robust choice for the hydrody-
namic factor is a piecewise function:
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where m controls how sharply retention weakens near the 
threshold, and ꭓ scales how efficiently deposits are eroded 
once τw,i exceeds τc. This captures the experimentally observed 
transition from monotonic permeability decline to a late-
stage stabilization where incremental injected mass mostly 
passes through without further net loss of permeability.

The equilibrium capacity σeq,i is the deposited mass per 
area that a layer can sustain under the prevailing hydrody-
namic conditions before release balances further capture. In 
the model it can be expressed implicitly by the condition of 
zero net accumulation:
	 � � � � �

i i eq i w i c
( ) ( ) ( / ) .

, ,
� � � � �0 1 0 0� �and/or 	 (32)

Physically, two mechanisms contribute: geometric lim-
itation (available pore volume is reduced), and hydrody-

namic limitation (shear-driven rearrangement and erosion 
intensify as ki decreases). This equilibrium concept is con-
sistent with experimental evidence that colloid retention 
and clogging are controlled by both solution chemistry and 
flow velocity, and that release can be triggered or enhanced 
by hydrodynamic forcing [40].

Once the uppermost layers reach σeq,i, the incoming mass 
is transmitted deeper, and the stable contamination front 
advances downward. In a discrete model this front depth 
zf can be defined operationally as the deepest layer where 
σi exceeds a small fraction of its equilibrium value (e.g., 
σi /σeq,i>ε). The specific injected mass required to advance 
the front to depth zf is then approximately:

	 � �
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which directly provides the sought specific particle con-
sumption needed to block a given thickness of porous medi-
um under the tested hydraulic regime. This quantity is the 
natural bridge from laboratory columns to field injection: it 
is expressed per unit cross-sectional area, does not depend 
on column diameter, and can be reformulated per unit well 
screen area or per unit aquifer thickness.

The model contains a limited set of parameters, each 
with a clear physical role. The initial porosity ϕ0 sets the 
clean permeability level together with the grain size scale 
and the Kozeny coefficient; it is chosen from the gravimetric 
packing state (mass, volume, and grain density) and/or from 
the clean-water permeability. The representative grain di-
ameter dg is selected from the measured granulometry (typi-
cally d50 for each sand fraction), while cK is calibrated using 
the initial permeability and porosity for that fraction [35]. 
The deposit bulk density ρdep controls how rapidly porosity 
and hydraulic radius decline with retained mass; it is fitted 
so that the slope of k(σinj) in the long quasi-linear regime 
matches the experiments. The inlet-bias parameters η0 and 
α determine how strongly deposition is concentrated near 
the top; they are constrained by the measured post-experi-
ment vertical profiles of retained mass. The hydrodynamic 
parameters τc, m, and ꭓ control when and how stabilization 
occurs; they are constrained by the onset of plateauing in 
the permeability curves and by differences between parti-
cle types and sands. Notably, smaller and denser particles 
(WO3, 80–100 nm) are observed to penetrate deeper than 
TiO2 under otherwise comparable conditions, which in the 
model corresponds to either a smaller effective η0 (lower 
net attachment), a smaller α (weaker inlet localization), a 
smaller ρdep (more open deposits), and/or a lower τc (more 
readily eroded deposits), consistent with the documented 
sensitivity of retention/release to surface roughness and hy-
drodynamic torques [40, 41].

The discretization thickness Δz is chosen as a com-
promise between capturing the observed localization (top 
centimeters) and maintaining numerical stability. Here 
Δz = 5 mm yields 40 layers, which is sufficient to reproduce 
sharply localized retention while keeping parameter identi-
fication tractable. The mass step Δσinj is selected to match 
the experimental sampling resolution used for permeability 
evaluation; smaller steps improve smoothness but are not 
required if the model functions Ψ and Ω are continuous.

Model parameters are identified by simultaneous match-
ing of two independent observables: the measured perme-
ability decline as a function of cumulative injected mass 
per area, and the measured post-experiment retained mass 
distribution along the height of the pack (Fig. 4). Figure 4 
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a b

c d

e f

g h

(left side) shows keff versus σinj for all runs (different sands 
and particle types) together with the simulated curves; the 
model reproduces the extended near-linear decline regime 
followed by late-stage stabilization, which cannot be cap-
tured by a single exponential function. Figure 4 (right side) 
shows the simulated vertical distribution of retained mass 
(layerwise σi /Δz) compared with the measured concentra-

tion profile from the sectioned sand pack; the agreement 
confirms that the model reproduces the experimentally ob-
served confinement of deposits to the upper portion of the 
column and the deeper penetration for WO3 compared to 
TiO2. These two matches jointly constrain both the hydrau-
lic feedback (through ki and τw.i) and the transport/retention 
structure (through ηi, α, and σeq,i), reducing non-uniqueness.

Fig. 4. Comparison of experimental and modelled results for permeability evolution (left) and retained-mass distribution along model 
height (right) for sand grain-size fractions: a, b – 0.2–0.1 mm; c, d – 0.316–0.2 mm; e, f – 0.2–0.1 mm, and g, h – 0.316–0.2 mm
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Transfer of the Approach to Field Clogging 
in Injection and Recharge Wells

The proposed framework is directly transferable to 
near-wellbore clogging problems because it is formulated in 
terms of Darcy-scale resistance in series and mass per unit 
area required to create a stable clogged zone. In managed 
aquifer recharge and recharge wells, clogging is routinely 
driven by suspended solids, colloids, and fines migration; op-
erationally, permeability decline and injectivity loss are often 
controlled by accumulated load and by hydrodynamic con-
ditions, with stabilization or partial recovery possible under 
changing gradients and backwashing [43–45]. In subsurface 
disposal or reinjection of impaired waters (e.g., produced 
water, treated wastewater), similar physical clogging mecha-
nisms coexist with chemical and biological effects; however, 
even in the presence of additional processes, a layer-based 
resistance model remains a practical backbone for quantify-
ing the physical component of injectivity decline [46].

For field application, the one-dimensional layered col-
umn is mapped to a radial system by replacing layers by con-
centric shells around the wellbore (or by discretizing the for-
mation thickness vertically if stratification dominates). The 
same core elements are retained: local permeability evolves 
with deposited mass, the pressure gradient increases where 
permeability is reduced, and a dynamic deposition–release 
equilibrium defines a growing clogged zone. The key scal-
ing variable σinj is then interpreted as mass per unit inflow 
area (screen area, borehole wall area, or the effective inflow 
area at the formation face). Grain size and porosity are taken 
from cores, cuttings, or logs, and cK is calibrated on baseline 
permeability. Particle size distributions are taken from wa-
ter quality monitoring, and the parameters controlling η and 
τc are tuned using step-rate tests, injectivity decline curves, 
and (where available) depth-resolved solids profiling.

Finally, extrapolation to less permeable consolidated 
sandstones follows naturally from the geometric closure: 
smaller hydraulic radius and lower baseline permeability 
imply larger pressure gradients at the same flux, hence larg-
er τw and a different equilibrium between deposition and 
release. At the same time, the particle-to-throat size ratio 
increases, so straining and bridging may become more im-
portant, and the effective deposit density ρdep may increase 
due to tighter confinement. Pore-network studies explicitly 
show that pore structure controls where and how clogging 
localizes and how flow redistributes, supporting the need to 

re-identify η0, α, and σeq when moving from unconsolidated 
packs to consolidated pore networks [38].

Overall, the discrete 5-mm layered formulation provides 
the minimum level of spatial resolution required to repro-
duce the localization of deposits near the inlet, the down-
ward advance of a stable clogged zone as cumulative mass 
increases, and the late-stage stabilization of permeability 
due to a deposition–release balance that is controlled by 
local wall shear stress and deposit properties.

Conclusions

Injectivity decline caused by suspended solids remains 
a critical operational risk for water injection and recharge 
systems; the findings of this study can be summarized as 
follows:

1.  Permeability impairment is primarily governed by 
particulate loading: permeability decreases rapidly at early 
stages of submicron particle injection and then approach-
es a weak-sensitivity regime, consistent with preferential 
blockage of the most conductive flow paths followed by 
flow redistribution.

2. The pore-throat scale controls clogging susceptibility: 
finer granular packs exhibit stronger and earlier permeabil-
ity loss than coarser packs, reflecting the greater vulnera-
bility of smaller constrictions to obstruction by submicron 
particles.

3.  Submicron particle size influences penetration and 
the loading required to reach comparable damage: smaller 
particles tend to penetrate deeper into the porous structure 
and generally require a higher injected mass to produce 
the same overall permeability reduction, indicating lower 
near-inlet retention efficiency and enhanced transport.

4.  Deposition is spatially localized near the inlet: re-
tained mass profiles are strongly inlet-biased, with the main 
deposited load concentrated in the upper portion of the 
pack and decreasing with depth, implying that a shallow 
high-resistance zone largely controls the macroscopic flow 
response.

5. A layer-resolved, resistance-based description is suit-
able for upscaling: representing the medium as thin layers 
with evolving local resistance captures both the overall 
permeability trend and the depth-wise retention pattern, 
providing a practical basis for transferring laboratory ob-
servations to near-wellbore clogging in injection, disposal, 
and recharge wells.
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